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Abstract. In this paper we define square functions (also called Littlewood-Paley-Stein func- 
tions) associated with heat semigroups for Schrodinger and Laguerre operators acting on func- 
tions which take values in UMD Banach spaces. We extend classical (scalar) L^-boundedness 
properties for the square functions to our Banach valued setting by using 7-radonifying op- 
erators. We also prove that these L^-boundedness properties of the square functions actually 
characterize the Banach spaces having the UMD property. 

1. Introduction 

Suppose that is a measure space and {Tt}t>o is an analytic semigroup on LP{n,fi), 

where 1 < p < 00. If /c S N, the k-th vertical square function g''{{Tt}t>o){f ) of / G LP{il,,^) is 
defined by 

9'mh>o)if)ix)=[^J^ \t'^d^T,{f){x)\ jj . 

The LP-boundedness properties of g'^-square functions are very useful in order to describe the 
behavior in L^- spaces of multipliers associated to the infinitesimal generator of the semigroup 
{Tt}t>o (see |26], |29| and [33]). 

It is well-known (|29| p. 120]) that if {Tt}t>o is the classical heat or Poisson semigroup then, 
for every 1 < p < 00, 

(1) ll/({Tt}t>o)(/)IU.(E") ^ ||/||l.(E"), / e i^(M"). 

This property can be extended to other semigroups of operators (see |5S], amongst 
others) . 

In the sequel we denote as usual by {Wf}t>o and {Pt}t>o the classical heat and Poisson 
semigroup on M", respectively. We have that, for every t > and / e LP{M."), 1 < p < 00, 

and 

being c„ 7r-("+i)/2r((n+ l)/2). 

If ip : E" — > M is a measurable function on M", we define ipt{x) = t~^ip{x/t), x G M" and 
< > 0. Then, it is clear that, for every t > 0, Wt{f) = * f and Pt{f) ^ Pt * f, where 
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— /4 

G{x) = j^i^^yT/T, X e M", and P{x) = f^-^^^^^^2yn+l)/2 1 x G M". We can also write, for every fc e N, 

9H{Wt}t>o)if){x) - \/2||/^ * /(2^)lli^((o,oo),f 
where (y5*=(a;) — (^d^G^{x)j | , x e M", and 

where = (^at''Pt(a;)^ | , x G M". 

If -0 is good enough the continuous ^/i-wavelet transform yV^(/) of / e 1 < p < oo, is 

defined by 

n;^(/)(a;, t) = (ijt *f)ix), xe M" and t > 0. 
In [8] (see also [1^) the authors gave conditions on the function t/j so that the equivalence 

(2) \\^i'if)\\Lp{M",L^aQ.,oo).f)) ^ II/IUp(K"), 

holds for every / e LP{R"-), 1 < p < oo. Note that ^ can be seen as an extension of ([T|) for the 
classical heat and Poisson semigroups. 

In the last years several authors ([T7], [TH], [20]) US], Ei] and [321 ) have dealt with square 
functions acting on functions which take values in a Banach space. Suppose that B is a Banach 
space and / : Q — > B is a /i- strongly measurable function. The first (and maybe the more 
natural) definition of <?B({7t}f>o)(/) is the following: 

9k{Tt}t>oKf){x)^[^J^ \\t''d^m){x)\\^jj . 

This 5g-square function was studied for the classical Poisson semigroup on the torus by Xu 
([55]): for the Poisson semigroup defined by the Ornstein-Uhlenbeck semigroup by Harboure, 
Torrea and Viviani f|17|): for subordinated Poisson semigroups of diffusion semigroups (in the 
sense of Stein |[29J) by Martinez, Torrea and Xu ([H]); and for Poisson semigroups associated 
with Schrodinger operators by Torrea and Zhang (|31])- From the results in [2S] and [35] we can 
deduce the following. 

Theorem. Let M be a Banach space and 1 < p < oo. Then, the following assertions are 
equivalent. 

(i) B is isomorphic to a Hilbert space. 

(a) For every f e LP{W\M), 

ll5B({^t}t>o)(/)||LP(R") ~ ||/||lp(R",B)- 

Other authors ([TS], [20], [22] and [53]) have extended the definition of the ^-square functions 
to a Banach valued setting by different points of view. As one of their goals, they wanted to 
extend the equivalence in ([ij to Banach spaces which are not isomorphic to Hilbert spaces. 
Hytonen [T^ extended ([T]) to a UMD Banach space setting by using Banach-valued stochastic 
integration. On the other hand. Kaiser and Weis [23j generalized (|2| to functions taking values 
in UMD Banach spaces by using 7-radonifying operators. These two approaches are closely 
connected (see, for instance, [3^ and [37]). In this paper we use 7-radonifying operators to 
study g-square functions associated with the heat semigroups for Schrodinger and Laguerre 
operators in UMD Banach spaces. 

The main properties of UMD Banach spaces can be encountered in [B], [7] and |27| . 
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Suppose that H is a. separable Hilbert space and B is a real Banach space. We take a sequence 
(7fc)/£gN of independent standard Gaussians. We say that an operator T bounded from H into 
B, shortly T € L{H,M), is 7-radonifying, written T e 7(fl",B), when 

2\ 1/2 



\T\\-f{H,M) — I E 



k=l 



< 00, 



where {ft.fc}fegN is an orthonormal basis in H . If B is a Banach space not containing a copy of cq 
(that is the case of UMD spaces) , then 

2\ 1/2 



(3) 



\T\\.y{Hfi) = sup E 



fe=i 



where the supremum is taken over all the finite families {h^.} of orthonormal functions in H ([ 
Theorem 5.9]). In the sequel by H we denote the space L'^ {{0, 00), dt/t). 



If / : (0, 00) — > B is a strongly /i-measurable function such that, for every L €E B*, Lo / £ H, 
then there exists Tj e L{H,M) such that 

/■°° dt 
{L,Tf{h))^ {L,f{t))M'fih{t)-, heH&ndLeB*. 
Jo 

We say that / e 7((0, cx)), dt/i, B) provided that Tf e 7(ff,B). We identify / with Tf. If B 
does not contain a copy of Cq then 7((0, oo),dt/t,M) is a dense subspace of 7(7?,B) f |23l Remark 
2.16]). In the sequel we assume that B is UMD. Then, B does not contain a copy of cq. 

In |23l Theorem 4.2] Kaiser and Weis gave conditions over the function ip in order to the 
wavelet transform W0 satisfies the following equivalence: 

(4) ||Wv,(/)||LP(R",7(_f/,B)) ~ ||/||lp(R",B), 

for every / € Lp(M",B) and 1 < p < 00. Note that, since -/{H, C) = H, ^ reduces to ^ when 
B = C. Then, ^ can be seen as an extension of ([T]) when we consider the classical heat or 
Poisson semigroups and functions taking values in a UMD Banach space. 

In this paper we extend the equivalence ([T|) to a UMD-Banach valued setting for the heat 
semigroup defined by Schrodinger operator in M", n > 3, the Hermite operator on M", n > 1, 
and the Laguerre operator on (0,oo). Then, we prove that these new equivalences allow us to 
characterize the UMD Banach spaces. 

The Schrodinger operator £ is defined by £ = —A + U in M", n > 3, where A is the 
Euclidean Laplacian in M" and U is a nonnegative measurable function in M". Here we assume 
that V e RHs(U."-), that is, V satisfies the following s-reverse Holder's inequality: there exists 
C > such that, for every ball i? in M", 

(5) (^J VixYdx^ ' j 

where s > n/2. If Ec represents the spectral measure associated with the operator £, the heat 
semigroup of operators generated by —C is denoted by {Wf'}t>o, where 

Wf{f)= [ e-^'Ec{d\)f, JeL^iR")- 

J[0,oo) 
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We can write, for every / e i^(M"), 

(6) Wf{f){x)^ f Wf{x,y)f{y)dy, a; e M" and t > 0. 

The main properties of the kernel function Wf{x,y), t > 0, x,y E M", can be encountered in 
(S] and PH]. Also, for every t > 0, the operator Wf defined in ^ is bounded from LP(IR") into 
itself, 1 < p < oo. Thus, {Wf}t>o is a positive semigroup of contractions in 1 < p < oo. 

The Hermite (also called harmonic oscillator) operator = — A+|a;pisa special case of the 
Schrodinger operator. Here we consider H on M", with n > 1. We define, for every k E N, the 
fc-th Hermite function i)k by 

i)k{x) = {V^2''kl)-^^^e~'='/^Hk{z), xeR, 

where by Hk we denote the k-th Hermite polynomial f |31l pp. 105-106]). If fc = {ki, kn) G 
the fc-th Hermite function f)fe is defined by 

n 

^k{x) = Y[i^k,{xj), x = {xi,...,Xn) eM". 

j=i 

The system {flfcjfcgN" is orthonormal and complete in L'^(IR"). Moreover, 7ii)k = (2|fc| + 7t)f)fe, 
where |fc| = fci + ... + fc„ and fc = (fci, fc„) E W\ The operator —H generates in L^(M") the 
semigroup of operators {VFj^}t>o where, for every t > 0, 

W^if) - e-*^""+"'cfc(/)b, / E L2(M"), 

fceN" 

being 

Ckif) = J^^ i)k{y)f{y)dy, k E N" and / E L\W'). 
According to the Mehler's formula ( \S'Sl (1.1.36)]) we can write, for every t > 0, 

(7) Wl'{J){x)= I W^{x,y)fiy)dy, fEL^R-,B), 



where, for each x,y E M" and t > 0, 



W^{x,y) 



1 / .-2t \"/2 



7r"/2 V 1 - 



exp 



^ — + N + V 
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By defining PF/^, for every t > 0, on L^(M"), 1 < p < 00, by means of Q, then the system 
{iy/^}t>o is a positive semigroup of contractions in LP{M.'"'), 1 < p < 00. 

Since {Wf}t>o and {Wj^}t>o are positive, they have tensor extensions to LP{W^,M) satisfying 
the same LP-boundedness properties. 

If £ = 1, 2 and / e LP(M",B), 1< p < 00, we define 

GlM{f){x,t) = t'dfwf{f){x), X e M", t > 0, n > 3, 

and 

GnADi^^t) = t'dfW^{f){x), x e M", t > 0, n > 1. 
Let a > —1/2. The Laguerre operator Ca is defined by 

Ca = ^ i-^r^ + + a; e (0,00). 



2 V dx"^ 

If fc G N we consider the fc-th Laguerre function 

2r(fc + l) \i/2 



^^^^^ ^ ( r(fc + a + i) ) ^ e (0,00), 
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where represents the fc-th Laguerre polynomial ( |31| pp. 100-102]). The family {<fi'^}keN is 
orthonormal and complete in L^(0, oo). Moreover, for every fc € N, 

The semigroup of operators {V7/^"}t>o generated by — in -L^(0,oo) is defined by 

oo 

Wf-if) = ^e-*(2'=+"+i)c^(/)<^^, t > and / e L^O,^), 
where c^(/) = ^-{y)f{y)dy, k e N. 

According to the Mehler's formula ( [33t (1.1.47)]) we can write, for every t > 0, 
(8) Wf-{f){x)^ W^{x,y)f{y)dy, f e L\0,^), 



where, for each x,y,t £ (0, cxi) 



2e-* 2a;ye-* f 2xye 



1/2 2x 1 + 



-2t 



and /q denotes the modified Bessel function of the first kind and order a. 

If we define, for every t > 0, Wf-" on Lp{0, oo), 1 < p < oo by (|8|, then {Wf-^jtya is a 
positive semigroup of contractions in i^(0, oo), 1 < p < oo. Moreover, for every t > 0, Wf" can 
be extended to LP((0, oo),B) preserving the L^-boundedness properties. 

If £ = 1 , 2 we consider 

GL,Bif)i=^,t)=t'dfwf-if)ix), e (0,00), 

for every / G L^((0, oo),B), 1 < p < oo. 

We now establish the main result of this paper. 

Theorem 1.1. LetM be a Banach space and a > —1/2. The following assertions are equivalent. 
(a) B IS UMD. 

(6) For £ = 1,2 and for every (equivalently, for some) 1 < p < oo, 

II^h,b(/)IIlp(K",7(h,b)) ~ II/IIlp(R",b), / e LP(M",B), n > 1. 

(c) For £ = 1,2 and for every (equivalently, for some) 1 < p < oo, 

\\GiM{f)\\L.iR-MH,M)) - ||/||lp(K".b), / e LP{R^,M), n > 3. 

(d) For £ — 1,2 and for every (equivalently, for some) 1 < p < oo, 

I1^£„,b(/)IUp((0,oo),7(_H,B)) ^ II/IUp((0,oo) J), / ^ ( (0, Oo) , B) . 

Note that, since ^{H,C) = H, the equivalences in Theorem |1.1[ (&), (c) and (d) are Banach 
valued versions of the corresponding scalar equivalences (see [S], ESI Chapter 4] and |3S]). 

In [1] we study square functions associated to the subordinated Poisson semigroup for the 
Hermite operator in a Banach valued setting. By using auxiliar operators and Cauchy-Riemann 
type equations adapted to the Hermite setting we characterized the UMD Banach spaces. We 
remark that, as it can be observed in |19j . |25j and |39| . in order to describe geometric properties 
of Banach spaces (UMD, g-martingale type and cotype,...) by using square functions, subordi- 
nated (Poisson) diffusion semigroups must be considered. Moreover, in [12], Hytonen dealt with 
diffusion semigroups and the semigroups {W^}t>o, {Wf}t>o and {W/'°}t>o are not diffusion 
semigroups because they are not conservative. Then, in particular the results in fU are not 
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covered by the ones in [19_. The results obtained by Hytonen for general diffusion semigroups 
in a UMD setting are weaker than the ones got for subordinated diffusion semigroups ( |191 The- 
orem 5.1]). In order to get a better result for every diffusion semigroups Hytonen reduced the 
admisible class of Banach spaces. He considered the class of Banach spaces which are isomorphic 
to a closed subspace of a complex interpolation space [Z, Y]g where Z is a Hilbert space, F is a 
UMD Banach space and < 6 < 1. We write ( to refer this class of Banach spaces. C contains 
all the standard UMD spaces. In [27 Rubio de Francia posed the question whether the equality 
C = UMD holds. As far as we know this question remains open. 

In contrast with the results in [15, we get Theorem ] 1.1 [ for the semigroups {W7^}f>o, {Wf}t>o 
and {Wf" }t>o which are not diffusion semigroups and, as it was above mentioned, they are not 
conservative. In order to prove Theorem ] 1.1] we use a procedure different to the one used in |19| . 
For establishing that if IB is a UMD Banach space the equivalences in (6), (c) and (d) hold, we 
take advantage of the following fact: close to singularities, our operators are good perturbations 
of the corresponding operators associated with the Laplacian operator. The exact meaning of 
this idea is clear in the proof. Then, we use [23, Theorem 4.2]. To see that the equivalences 
in (&), (c) and (d) imply that B is UMD, we have taken into account that the UMD Banach 
spaces are characterized by the i^'-boundedness properties of the imaginary powers H'^"', 
J > of H, £ and £„, respectively ([21 Theorem 1.2] and [31 Theorem 3]). 

In the next sections we prove our result for the Hermite operator in M", n > 1 (Section [2]), the 
Schrodinger operators in M", n > 3 (Section[3]) and the Laguerre operators in (0, oo) (Section|4]). 

Throughout this paper by C and c we always denote positive constants that can change in 
each occurrence. 

Acknowledgements. The authors wish to thank Professor Peter Sjogren for posing us, after 
knowing our results in fD , the question of dealing with the heat semigroup for the Hermite 
operator. 



2. Proof of Theorem 11.11 for, the Hermite operator 
In this section we prove (a) ^ (6) in Theorem [TI] 



2.1. (a) ^ (&) Let £ = 1,2, n > 1 and 1 < p < oo. We define GtABif)- ^'^^ every / e 



iP(M",B), as follows 

^iA,B(/)(^,i) = t'd'tWtimx), X e M" and t > 0. 

Assume that B is a UMD Banach space. 
We start proving that 

II^W,B(/)llLP(R",7(ff,B)) < C'||/||lp(R",B), / G i^(M",B). 

Let / e LP(M",B). We can write 
(9) dfW^{f){x)^ f diwl'{x,y)f{y)dy, x e M" and i > 0. 
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Derivation under the integral sign is justified. Indeed, we have, for every x, y G M" and t > 0, 



dtWl'{x,y)=- 



(10) 
and 



1 

W2 V 1 - e-^ 



1 + e- 



1 -e- 



exp 



1 - e-^* 
1 + e-2t 



(l-e-2t)2 



(1 + e- 



1 



7r"/2 V 1 



-4t 



n/2 



exp 



1 A ,2l + e"^* , ,2l 
4(1^-2/1 r— ^ + 1^ + 2^1 T 



l-e- 



1 + e-« , 



g-2i ^ g-2t 



-2t 



(11) 



+ 



8ne 



(1 - e-4*)2 
Hence, we deduce that, for k = 0,1,2 



2e-2t(l + e-2*) 
(1 -e-2*)3 



|a; + 2/|2 



2e-2*(l-e-2*) 
(l + e-2*)3 



(12) k'=a,'=W^«(x,y)| <C7 



_ g-2i-)n/2+A: 



< c- 



-c|a;-y|Vt 
i"/2 ^ 



X, y e M" and t > 0. 



Estimation (12 1 justifies the derivation under the integral sign in (|9|. 

We split the operators g and G-a b follows. We write, for Q = "H or Q 

^S,B = ^Q,B,loc + ^Q,B,globJ 

where 

(13) eQ,B,ioc(/)(2;,0 = ^s,B(xs(.,p(.))(y)/(y))(a;,0, xeE",t>o, 

and 



p(a:) = 



1 + k 



\x\ < 1 



\x\ > 1 



For every x E M", p{x) is called the critical radius in x (see PD p. 516]). 
We consider the following decomposition of the operator 



3 = 1 



where Tf^ = Q: 



«,B,loc ^-A,BJoci ^2,B " ^"H.B.glob ^^^^ ^3,B ~ ^-A,B,loc- 



Lemma 2.1. Lef B 6e a UMD Banach space and j = 1,2,3. Then, there exits C > verifying 
that 



(14) 



l'r/,B(/)llLP(R",7(ff,B)) < C|1/I1lp(R",B), / G 



Proof of Lemma 2.1 for Tl^^. We consider (x) = f9(Gy(( 



|t=i 



X e W'\ Thus, / e 



5(M") C L (M"), where 5(M") denotes the Schwartz class. Moreover, tp satisfies conditions 



8 



J.J. BETANCOR, A.J. CASTRO, J.C. FARINA, AND L. RODRlGUEZ-MESA 



(CI) and (C2) in [2Sl p. 111]. Indeed, according to O p. 121, (23)] we have that 

-|^lV(4t)^ 



(47ri)"/2 



dx 



e-l^r/(4t) 



Now, straightforward manipulations allow us to see that the conditions (CI) and (C2) in fl^, p. 
Ill] are satisfied by ip^ . On the other hand, ipl{x) = t~'^Lp^{x/t) ~ ( s^9f G /^(a;) ) , x € E", 

and t > 0. Note that if {hn]n&i is an orthonornial basis in iJ, then {/iri(Vi)/\/2}neN is also an 
orthonormal basis in H. Hence, 

II^-a,b(.9)(2;, ■)\Uh3) - \/2|i((^' * g){x)\\^(H3). 9 & ^(M",B) and x G M". 

Hence, by invoking |23l Theorem 4.2] there exists a bounded operator b from LP(]R",B) 
into LP{W\j{H,M)) such that 

Let / € LP{R",M). We are going to see that G-a b(/) ~ ^-A b(/)- order to do this we choose 
a sequence (/™)^^i C C;?°(K") (g) B such that — > /, as m ^ oo, in LP(M",B). Note that 
C;?°(M") (g) B C S'(M",B) is a dense subset of iP(E",B). It can be shown that 



(15) 



— c\x — y\'^/t 

YdiG^^{x-y)\<c'-—^^ , andi>0. 



Then, for every G N and x E M", there exists Cat > for which 

II^-A,b(/)(^' ■) ~ S^A,Bifm){x, ■)\\ L2(^[l/N,N).jf;S) 

\fiy)~fm{y)\\B\\t'dfG^,{x-y)\\^ 

\ 1/2 



< 



<Cn / \\f{y)~fm{y)\\ 
<Cn [ \\fiy)'frn{y)\\ 



N 



1 



1/N it+\x-y\^r+ 



^dt dy 



1 



;dy 



(l/iV+|.T-y|2)"/2 

< CnWI - f,n\\Lp{R".m, meN. 
Hence, for every N £ N and x G M", 

^-A,B(/m)(2^' ■) 

On the other hand, 

GiAAfrn) Q-A.M), as m ^ (X3 in Lf(M",7(i7,B)). 
Then, there exists a subsequence of (/m)m=i which we continue denoting by { fm)m=iJ satisfying 



G-A,Bif)(^' as m ^ cx) in ( (l/iV,7V), ^;] 



^-A,B(/m)(a;, •) — > ^-a.b(/)(2:)> as m ^ oo in 7(i/,B), 
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for every x g N, where N C M" and |E" \ N| = 0. Since j{H,M) is continuously contained in 
L{H,M), we have that, for every x G N, 

^^iA,B(/m)(2;, ■) — > ^-Aj(/)(a^)' as m ^ oo in L(iJ,B). 

Let a; e N. We choose h £ H such that its support is compact and contained in (0,oo). For 
every S* G B* we can write 

(^,[^-a,b(/)(2;)](M)i%b= lim {S,[gi^^Mm){xr)m}E'3 



Jo 



J' 



Moreover, 



dt 



(S, [aiA,B(/)(^)]W)B* 
<\\S\\M4SUAf)(^)\\LiH3)\\hh 



We conclude that (5, •))b',b G H and 



{s, [gUMif){^)]M)i 



dt 



Thus we prove that G'La b(/)(2^) = S-A b(/)(^' ') elements of 7(_ff, B). 

We now use the ideas developed in |17l Proposition 2.3] to see that (14 1 holds for j — 2. 
According to [HI Proposition 5], for every Af > there exists C > such that 



(16) 



^<^<C, xeBiy,Mp{y)). 



We can find a sequence (xf.)^^-^ such that 

oo 
k = l 

(a) For every M > there exists m G N such that, for each j G N, 

card {A: G N : B{xk,Mp{xk)) n B{xj,Mp{xj)) 7^ 0} < m. 



Let /c G N. If a; G B{xk, p{xk)), then (16) implies that \y — Xk\ < p{x) + p{xk) < Cap{xk), 
provided that y G B{x, p{x)). Here Cq > does not depend on fc G N. We can write for every 
X G B{xk, p{xk)) and < > 0, 

^-A,B,loc(/)(2^: t) = ^-A,B {XB(xk,Cop{xk))f) i^i + G-A,B {{XB{x,p(x)) " XB(xk,Cop(x„))) f) {x, t) 



-AM 



{XB{xk,Cop(xk)) 

f) {x,t) - ^JIa.B {XB{xk,Cop(xk))\B{x,pix))f) {x,t). 



Let X G B{xk, p{xk))- We consider the operator 

Lk,x{f)it) = ^^A^B {XB{xk..Copixk))\B{x,p{x))f) ix,t), t > 0. 



By ( 15 ) we have that 

\\t'diG^,ix-y)\\^<cU 



1/2 



-dt 



< 



C 



\x - y\ 



yGM"\{x}. 
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Hence, for every y ^ B{x, p{x)), the function gx.yit) — t^dlG^{x — y), t £ {0, oo), belongs to H 
and Wg^jH < C/p{xY. Then, UAf) ^ L^O, x^), dt/t;M) and 



f{0.oo).4t;B) - / \\9x,y\\H\\.f{y)\\Bdy 
^ ^ ' ' J B(xk,Cap(xk))\B{x,p(x)) 



< 



C 



p{xY 

J B(xk,Cop(xk)) 

Hence, Lk^xif) G liHjM). Indeed, by dsl we have 



\\fiy)\\Mdy. 



\Lk,x{f)\\j{H,B) = sup E 



poo 

Jo 



1/2 



where {"fj)'j^i is a sequence of independent standard Gaussian random variables and the supre- 
mum is taken over all the finite families {hj} of orthonormal functions in H. Suppose that 
{hj)JLi is an orthonormal set in H. We can write 



E 



0=1 ^" * 



1/2 



E 



E 



E 



{t)f{y)dyh,{t) 



dt 



J B(xkfiop{xk))\B(x,p{x)) 



/ f{v)^l3 / 9x,y{t)hj{t)—dy 

J B{xk,Cop{xk))\B(x.,p(x)) Jo t 

I 



< I \\f{y)\ 

I B(xk,Cap(xk))\B(x..p(x)) 



E 



V 



< 



B{xk,Cap{xk))\B(x.p(x)) 



f°° dt 

/ 9x,y{t)hj{t)-- 

\\f{y)\\B\\gx,y\\j{H,c}dy 



1/2 

2\ 1/2 
B/ 

1/2 



||/(2;)||B||(/x,y||ifrfy 



< 



B(xk,Cop{xk))\B{x,p{x)) 

c 



p{x) 



\\f{y)\Udy. 



B(xk,Cop{xk)) 



Hence, 



\\Lk,x{f)\\'y{HM) 



< 



c 



p{xY 



\\f{y)\Wdy. 



B{xk,Cop{xk)) 



By using (16 1, we deduce that B{xh,CQp{xk)) C B{x,Cip{x)), where Ci does not depend on k 
neither on x. Then, we get 



{f)\\l{H3) 



< 



c 



p{xY 



B{x,Cip(x)) 



\\f{y)Udy<M{\\fU){x) 



where denotes the Hardy-Littlewood maximal function. 
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According to the classical maximal theorem and the boundedness of tJl^g from LP(I 
into LP{R",j{H,m)), we obtain 



OO „ 

l^-A,EJoc(/)llLP(M^,7(/i",B)) / 

( — 1 £ 



A,B,loc 



7(ff,B) 



dx 



<C 



OO „ 

))/) (a:, Oil 



k=l 



dx 



+ I \\G-A,B {XB{xk,Cop{xk))\B(x,p(x))l) {x-, ■W~,[H,K)'^^^ 



<c 



OO „ 



k=l J B(xk.Cap(xk)) 

<C I \\.f{y)\\ldy. 



\\f{y)\\ldy+ / \MmU){x)r dx 



We conclude that ( 14 1 holds for 



□ 



Proof of Lemma 2.1 for T^-g^. By using the perturbation formula ([HI (5.25)]) we can write 

.t/2 . 

dt[G^,{x-y)~W^{x,y)]= / Iz^duG^ix - z)]i W^iz,y)dzds 

Jo Jr" I * 

|zpG^(x - z) [duW^iz, y)] |^^^^_^ dzds 



+ j^^ \z?G^^{x ~ z)W!j,{z,y)dz 
=Hl{x, y, t) + Hl{x, y, t) + H^x, y, t), x, y e M" and t > 0. 



Then, it follows that 

d?[G^,ix~y)~Wl'{x,y)] 
rt/2 



t/2 



kl' dlG^{x-z) I W!'iz,y)dzds 

L J \u—t — s 



dzds 



\u=t/2 



dz 



\z\^G^,{x~z)[dlW^{z,y) 

+ \zf (jduG^ix - z)] ^^^^^Wlj^{z,y) + G^(x - z)[dJV^{z,y) 
= Hl{x, y, t) + Hl{x, y, t) + hI{x, y, t), x, y e M" and t > 0. 
The following estimation will be very useful in the sequel. For every x G M" and t > 0, we get 
e-c|--alVt|y|2^y <C f e"^l"l'/*(|z|2 + IxHdz < C7t"/2(t + \x\^). 



^n/2 

p{x) 



Then, we obtain 
(17) 

Minkowski's inequality leads to 



g-c|x-y|Vt|y|2^y < C^^j^, X e M" and < i < p(xf 



ri%(/)(x,.)IL.((Ooo)^.B)< / ll/(y)llB / \t'dl[G^,{x-y)-Wl'{x,y)]\ - 

^ t ' ^ Jb(x..p(x)) \Jo t J 



lB(x.,p(x)) 
3 



<2 dt\ 



1/2 



S(2:,p(a:)) 



ll/(y)ll»(/ \t'Hl{x,y,t)\ 



,dt 



1/2 



dy, a; £ 
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We now study 



- - ~dt 



1/2 



\t''m{x,y,t)\''— ] , x,?/ G M" and j = 1,2,3. 



According to ([12|), (|15|), (|lf3| and (|17f we get 



\t'Hfix,y,t)\ 



,dt 



1/2 



< c 



Pixy / 

V^o 



< C 



p{xf „-c{\x-y\' + \y-z\'')/t ( rt/2 



\ 2 \ 1/2 

\z\ dzds dt 



< 



(J I rP{x)^ g-c\x-y\^/t \ 



Pixy 



1/2 



dt < 



C 



p{x) 



1/2 



< 



c 



^/p{x)\x ~ yy^-^/^' 



X e M", y e B{x,p{x)), x^y. 



Vidt 



Also by taking into account (12) and again (17) it follows that 



\t'H',ix,y,t)rj\ <C 



Pixy / .t/2 

V^o 



'C\x-z\'^ /s g-c|j/-z|^/(t-s) 
S"/2 [t - s)»/2 



-dzds 



< C 



< 



p(xf c{\x-yfMy~A'')lt ( ft/-^ r p-c\x-z\^/s 



1/2 



|z|^ ^j^F^ dzds I (if 



C 



y^|a:-2/|"-i/2^ 



and 



\t'Hi{x^y,t)r^ 



1/2 



< c 



X 2 \ 

^g-c(|2;-2|2 + |a-z|")/i \ 



< C 



p(2;)' ^-c\x-y\'/t 



l2n-l 



< 



C ( fP^''''^ p-c\x~yWt 



Pixy 



2 \ 1/2 

|^|2g-c|.-.|Vtrf^) 
1/2 



dt < 



C 



y^l^. _ y|«-l/2 



By combining the above estimations we obtain 

3 

\fiy)UA]ix,y)dy<C 



^^JB(x,p{x)) 



ll/(y)ll: 



B{x,p(x)) ^/pix)\x ~ yY"-^/' 



-dy 



< 



< 



wmw 



^/pi^ J2-^-'p{^)<\^-y\<2-'-p{x) \x'y\" 1/2 



\\f{y)\\Bdy 



dy 



(18) 



,^„p(x)"2-™(«-l/2) Js(x,2-P(x)) 
oo ^ 



m— 
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On the other hand, (12 1 and (15) lead to 



\\fiy)\\ 



B{x.,p(x)) 



Ydl[G^,{x-y)~Wr-{x,y)] 



2 dt 



1/2 



dy 



< C 



< C 



\\f{y)\\ 



B(x.,p(x)) 

OO -j^ 



oo ^-^c\x-y\^/t 



p{xY 



1/2 

—I I 



1/2 



p(xy 



i-n+l 



dt 



1 



\\f{y)hdy< , , 

B[x,p{x)) p\xr 



B{x,p(x)) 



\\f{y)\Wdy 



(19) 



<CM{\\fU){x), xeM". 



From (18 1, (19 1 we conclude that 

\\TlM)i^^ •)llL^((o,oo),f ;B) < CM{\\fU){x), X G M". 
Then, Tl^{f){x, ■) e "f{H,M) and by proceedmg as above we show that 

r'B(/)(^, ■)ll7(H.B) < CM{\\fU){x), X e M". 
Classical maximal theorems leads to 

ll^l,B(/)IUp(R",7(ff,B)) ^ C'II/I|lp(K",B)- 



□ 



Proof of Lemma 2.1 for T^^. By taking into account the following estimation (see [T, (4.4) and 
(4.5)1) 



exp 



2t 



y\ 



1 - e- 
1 + e- 



-2t 



< Cexp[-c(|a;| + \y\)\x - y\\ , x, y g M" and t 



we get, by using (10) and (111 



t'dlWl'{x,y)\<C- 



-c{\x\ + \y\)\x-y\^-c\x-y\'^ /t 



X, y e M" and t > 0. 



Hence, Minkowski's inequality allows us to write 



I^2,b(/)(2;, •)llL2(-(o,oo),f ;B) 



< 



ll/(y)ll: 



< c 



< c 



\x-y\>p(x) 
ll/(2/)llBe-^(l"l+l''l)l"-^l 

W-y\>p{x) 

^-c(\x\ + \y\)\x-y\ 
\x-y\>p(x) \x-yr 



^j^\t%Wl'{x,y)\'^^Y 



1/2 

-dt ) dy 



< 



(2™p(x))« A" 



•p(a;)<|a;-y|<2'"+ipW 



ll/(y)llBe 



-c(|a;| + |y|)2"p(a:) 



Note that if |a; — y] > p{x), then 



and 



+ \y\)p{x) >\x- y\p{x) > p{xf = when < 1, 



\x\ 1 

(1x1 + \y\)p{x) > > -, when |x| > 1. 
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Hence, 



^2,b(/)(^j •)llL2(-(o^oo),f;;B) - ^ 



(2™p(a;))'^ 



m=0 ^|i;-y|<2'"+ip(3;) 

<CX(||/||b)(x), xeW\ 



\f{y)\\Bdy 



and we get that TlT^{f){x, •) G 7(i?,B), x G M", and 



r2,B(/)(2;, ■)\Uh,b) < CM{\\f\\M){x), X e M". 



Maximal theorem imphes now that (14) holds for Tr 



□ 



We conclude that there exists C > independent of / for which 

(20) II^-H,b(/)IIlp(R",7(//,B)) < C'||/||lp(R",B)- 

Our next objective is to establish that 

II/IIlp(K",B) < C:\\SnMif)\\ LP{S." ,'y{H,B))i 

where C > does not depend on /. 

In order to show this, we prove the following polarization formula. 

Proposition 2.1. Let M be a UMD Banach space, 1 < q < oo and fc G N. For every f G 
i9(M") (8)1 and g E L«' (M") (g) B*, we have that 



(21) 



{t''d!tW^ig)ix),t''d^W^if)ix))^, 



dtdx _ r(2fc) 

— - 22k 



(gix), f{x))B*,Bdx. 



Proof. This property can be proved by using standard spectral arguments. Indeed, if /, 5 G 
spanjfimlmeN" , we have that 

^ t'^d^W^{g)ix)t''d^W^{f){x)jdx =^ l^j{x)f{x)dx. 

Since span{f)m}mgNn is dense in L'^(M"), by taking into account that, for every 1 < r < 00, 

\\9H{W!'}t>o){f)\\Lr(M'^) = \K,cif)\\LnM-M) < / G i^M"), 

we conclude that 



(22) 



^k^kT.rHl fM^,kc,k.Tr-H, U^dt _ r(2fc) 



t'^d',W,''{f){x)t^d^Wl'{g){x)- 



22k 



f{x)g{x)dx, 



for every / G L'?(M") and g G Li'{R"). 



From ( 22 1 we can immediately deduce that ( 21 1 holds for every LP(]R") (8)B and g e LP (M") 



□ 



Assume now that F G L^(M") (E) B. According to |16l Lemma 2.3] we have that 



|^||lp(M",b) = sup 

geL^'iM") 

WSW Tv' (m/n K 



{g{x),F{x))B*,Bdx 
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Then, since B* is also a UMD Banach space, by using Proposition |2.1[ [21, Proposition 2.2] and 



( 20 1 we obtain 



2 



21 



I-F||lp(R",b) = sup 



dt 



<C sup / ||c?^,B.(5)(x,.)||^(^_B.Je^,,(F)(x,.)||^(^_„)dx 

SGL'''(R")«iB* 

<C sup ll^«,B-(5)||ip'(K-^^(^_B*)) ll^«.B(^)ILp(R",7(i/,B)) 

gei" (R")(giB* 

llslll,p'(B",B»)^l 



<C||a|,,„(i^)| 



LP(R",7(_f/,I 



By taking into account that LP(]R") (g)B is dense in LP(M",B) and (20 1 we conclude that 



Ilp(R",B) < C' ||^«,B(/)||ip(K",^(Hj 



where C > does not depend on /. 



2.2. (b) ^ (a) Let 7 e M\ {0}. We define the imaginary power W''' of H on L2(M") as follows 

Plancherel theorem implies that W is bounded from into itself. Moreover, W is an 

spectral multiplier of Laplace transform type {{25, p. 121]) associated with the Hermite operator 
and can be extended from ^^(K") n to LP(R") as a bounded operator from LP(M") 

into itself, for every 1 < p < 00 (]12l Theorem 1.1], [31 Theorem 3]) . Let B be a Banach space. 
If 1 < p < 00 we can define in a natural way on (g) B as a linear operator from 

iP(M") (8)B into itself. In [51 Theorem 1.2] (see also [31 Theorem 3]) it was estabhshed that B 
is UMD if and only if H''' , 7 G M \ {0}, can be extended from LP(M") (g) B to LP(M",B) as a 
bounded operator from iP(M",B) into itself for some (equivalently, for every) 1 < p < 00. 

Suppose now that (6) holds. In order to see that B is UMD we prove the following vector 
valued version of an inequality in [291 p. 63]. 

Proposition 2.2. Let M be a Banach space and 7 G M \ {0}. There exists C > such that, for 
every f G span{f:)k}keN^ <8' B, 



Proof. Let / G span{t)fe}fcgN" ® B- Then, / = Tlkei ^ki)k, where / is a finite subset of N" and 
6fe G B, fc G /. We introduce the operator U G L{M) defined by U{b) ^ -b, b e B, and the 
operator on H, given by 

1 /■* 

T^{h){t) = - / (t)^{t - s)h{s)ds, /i G and t > 0, 
^ Jo 
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where 4>^{u) = u-''^ /r{l - i-/), u > 0. The operator T-y e L{H) and \\T\\l(^h) < l/r(l - ij). 
Indeed, by using Holder's inequahty and Fubini's theorem we get 



1/2 



t 



Let X e M". By considering C/.^;^ b(^'''^/)(^' ') ^li b(/)(^' ') elements of 7(i7,B) we have 
that 

(23) Gn,nm"'f)(.^r){h)^UglM)i=^,-)Tyih), heH. 

In fact, for every h E H and 5 G B*, by using well-known properties of Laplace transform, we 
can write 







t 

kei 



/>oo 

fee/ -^0 

/ /'OO 

5,-^6fc(2|A:|+n)'^+it)fe(a;) / e' 
\ fee/ 



-t(2|fe|+ri) 



Hence, 



/•oo 

kei 



In a similar way we can see that 



/■oo 

^«B(^'V)(a^,-)(M = -E^fe(2|fc|+n)'''+i[jfe(x) / e-*(2|'=l+»)/i(t)df, e H. 
fee/ -^0 



Thus (23 1 is established. 

By taking into account the ideal property for the 7-radonifying operators ([35', Theorem 6.2]) 
we conclude that 

l|aH,B(^^^(/))(^,-)ll^(//,B) < ^;(Y^I1^^,b(/)(^,-)II7(//,B). 

□ 



Let 7 e M \ {0} and 1 < p < 00. From (b) and Proposition 2.2 it follows, for every / € 
span{t)fc}fcgN« (g)B, 

II'W'(/)||lp(R",B) < C'll^/«,B(^'''(/))IUf(R",7(//,B)) < C\\g^^s{f)\\LP(R^,j{H,K)) < C*!] /|| lp(R" ,B) • 

Since span{()fe}fegNn (g) B is a dense subspace in L'°(M",B), can be extended to LP(M",B) 
as a bounded operator from L''(]R",B) into itself. From Pl Theorem 1.2] (f3| Theorem 3]) we 
deduce that B is UMD. 
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3. Proof of Theorem II.II for the Schrodinger operator 

In this section we prove (a) <^ (c) in Theorem We assume that n > 3 and that the 
potential function V satisfies the reverse Holder's inequality ^ where s > n/2. In the proof 
of (c) (a) we will use [3, Theorem 3] where UMD Banach spaces are characterized by the 
L^'-boundedness properties of the imaginary power 7 S IR \ {0}, of the Schrodinger operator 
C. 



3.1. (a) (c) In order to show this result we can proceed as in the proof of (a) =4> {b) by 
using in each moment the suitable property for the heat kernel iy/'(a;,?/), x,y G M" and t > Q, 
of the Schodinger semigroup. 

As it is showed in the papers of Dziubahski and Zienkiewicz ([10], [H] and [12]), Dziubahski, 
Garrigos, Martinez, Torrea and Zienkiewicz ([9 ) and Shen ([2H]), the function p defined by 



p{x) = sup <; r > : ^ / V{v)dv < 1 i , a; G M", 



plays an important role in the develop of the harmonic analysis in the Schrodinger setting. In 
the special case of the Hermite operator, we can see that 



p{x) 



I 1^1 <1, 

^ 1 

\x\ > 1. 



i + \xy 

This function p is usually called "critical radius" of x, and we use it to split the operators in 



the local and global parts (see (13l). The main properties of the function p can be encountered 
in ^28( Lemma 1.4]. We must apply repeatedly that, for every M > 0, p{x) ^ p{y) provided 
that x,y G M" and \x — y\ < Mp{x), where the equivalence constants depend only on M. Also, 
according to [5] Proposition 5], we can find a sequence {xfcjfegN C M" such that: 

(z) [j Bixk,p{xk)) = R"; 

keN 

{a) for every M > there exists m G N such that, for every /c e N, 

card {j e N : B{xj,Mp{xj)) n B{xk, Mp{xk)) 7^ 0} < m. 

To complete the proof we need to use the following properties of Wf{x, y), x,y £ M" and t > 0. 
All of them can be found, for instance in [5J Section 2] and [TTJ Section 2]. 

Lemma 3.1. Assume that V € RHg, where s > n/2. Then, 
(i) For every fc, iV G N, there exist C, c > for which 

-c\x-y\^/t / /I 



rd^,Wt{x,y)\<C + + , x,yGW^ andt>Q. 

{a) There exists a nonnegative function w £ 5(M"), the Schwartz functions space, and 5 > Q, 
such that 

\G^,{x-y)-W,^{x,y)\<c(^-^^ w^,{x-y), < t < p{xf , x,y e W\ 
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(iii) If w E 5(M") there exist S, (3 > such that 



( 1 f Vt 



G^^ix ~ v)V{y)dy < C < 



t \p{x) 



<t< p{xf, 



I \p{x) 



P+2-n 



, t > p{xy 



The polarization equality (see (21 1) can be shown in the Schrodinger setting by using spectral 
arguments. 



3.2. 



(c) (a) Assume that (c) holds for a certain 1 < p < oo. 



We denote by Ec{dX) the spectral measure associated to the Schrodinger operator C . Then, 
we have that 



J[0,oo) 



We can also write 



WHf){x) = / W,''{x,y)f{y)dy, f e L^W') and x G 



Let f,g e L2(M"). Then, 

{dtWf{f){x),g{x)) = / / dtWfix,y)f{y)dyg{x)dx = dt{Wf f{x), g{x)) , x G M" and t > 0. 



Note that by using Lemma 3.1 (i), we can justified the derivation under the integral sign. 
Indeed, Lemma 3.1 (i), implies that 

\dtWf{x,y)\\\f{y)\\g{x)\dydx<C f f '-^^^l^\f{y)\\g{x)\dydx 



< 



sup 

s>0 



c 
1 

c 

< y II.9||l2(R") 



-c\x-y\ /s 



„n/2 



sup 

, s>0 



-\fiy)\dy\\g{x)\dx 



-c\x-y\ /s 



1/2 



c 



2/2 



-\fiy)\dyj dx} <-, i>0 



because the maximal operator defined by 



W,{F)^ sup \W,{F)\, FeL^R'^), 

s>0 



is bounded from L^(M") into itself. 
On the other hand, by defining 



AT^,-(/)=lim^-^(^)-^*'(^) 



on 



we have that 



DtWfif) = - f Xe-^'EcidX)f, t>0. 

J[0,oo) 

Hence, we conclude that, for every t > 0, 



DtWf{f){x)^ dtWf{x,y)f{y)dy, a.e. x G 



Then, for every / G ^^(K") (g) B, ^ = 1, 2, and t > 0, 



QlMif)i;t)= / {-XtYe-^'EcidX)f, 

J[0,oo) 



where the right hand side has the obvious meaning. 
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Let 7 G M \ {0}. The imaginary power of the operator £ is defined by 
Cm)^ [ X'^'Ec{d\)f, /eL2(M"), 

J[0,oo) 

and we extend C"^ to (g) B in the natural way. 

It is clear that, for every t > 0, 

J[0,oo) 



In the following we establish the analogous property of Proposition 2.2 but in the Schrodinger 
setting. 

Proposition 3.1. Let M be a Banach space and 7 G M \ {0}. There exists C > such that, for 
every f G 5(M") (g) B, 

WGlni^'^'im^, -n^iHfi) < C\\glM)i^, ■)\UiH.M), a.e. xe M". 

Proof. Let h G -^^^((0, 00), dt/t) such that supp /i C (a, 6), < a < 6 < 00, and let /, g G L'^{W^). 
According to Lemma [3. 1[ (i), we get as above 

\gl^{cy){x,t)g{x)\dx\h{t)f-^ 

<C I I sup { I —^\Cy(y)\dy]\g{x)\dx\h{t)\- 



s>0 



dt 

<c\\g\\mm^)\\w4cy)\\mR^) / \h{t)\j<^. 



We can write 

gl^iCy)ix,t)h{t)jg{x)dx 



h{t) f gl^iCy){x,t)g{x)dx^ 

hit) [ { [ t\'+^''e-^'Ec{d\)f] ix)g{x)dx^ 

JR'^ \J[0.oo) J ^ 

00 p 

/ \^+'''e-^^d^lf,g{\)h{t)dt, 

"'[Coo) 

where /ij^g represents the complex measure defined by 

^lf^,{A)^{Ec{A)f,g), 
for every Borel set A in [0, 00). If denotes the total variation measure of /i/.g, then 



^[0,00) ./n I 



Hence, we have that 



1 1 

gi,„(rv)(x,t)/iWy5(x)dx 



/ e'^'h{t)dtdnf^g{X) 
[0,00) Jo 

[0,00) Jo 
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where 

1 /■* 

T^{h){t) = - 4,^{t~ s)h{s)ds, ie(0,oo), 
i Jq 

and (t>'^{u) — u^'^'^ /T{1 — ij), u E (0,oo). Since 

1^ {Xt)'e~^'\T,{h){t)\jd\nfJ{\)<^, 



[0,oo) 



we can write 



lit r°° r df 

gl^{Cy){x,t)h{t)-g{x)dx^- T,{h){t) / (At)2e-^*dM/,.(A)- 

T,{h){t) / g[x)glc{f){^,t)dx- 
r°° df 

g{x) I T,{h){t)glc{f){x,t)jdx. 



The last interchange is justified because 







dt „ f°° f . , „ . , dt 



gix)\\gicif)M\dxT^{hm- < C\\h\\H / \g{x)\W.,i\mx)dx-^ < 



oo. 



We have taken into account that, since supp h C {a.,b), it follows that T^(h){t) = 0, when 

t e (0,a). 

We conclude that 

' df r°° df 

gici^'y){x,t)h{t)j = -j^ T,{h){t)glc{f){x,t)j, a.e. x G M". 

It is well-known that the space Cc(0, oo) of continuous functions with compact support is dense 
in H. Moreover, since H is separable, there exists a numerable set A C Cc{0,oo) that is dense 
in H. 

We define N C M" consisting on those x £ M" for which 

' df f°° df 

glci^'y){x,t)h{t)j^-J^ T,{h){t)glc{f){x,t)j, he A. 

We have that |M" \ N| = 0. then, for every h£ H, 

r°° df r°° df 

gici^'y){x,t)h{t)j^-J^ T,{h){t)glc{f){x,t)-, xGN. 

Hence, ii J £ L'^{W^) ®M, there exists VL C M" such that |M" \ N| = and 

df r°° df 

gl^{cy){x,t)h{t)j = -J^ T,{h){t)gl^U){x,t)-, xen, 

for every h E H. By defining Ub = —5, € B, we have that, as elements of 7(i7, B), 
Gi«{^'y){x, •) = UglM){x, ■)T„ a.e. X G M", 

for every / G S'(M") (g)B. 

By taking into account the ideal property of 7(iJ, B) f |35l Theorem 6.2]), and that the opera- 
tors U and are bounded in B and H, respectively, we conclude the proof of this proposition. □ 



Finally, from the equivalences in (c) and Proposition |3.1[ we have that, for every / G 5(M")®B, 

1 1 '^^''^ 1 1 LP (R",B) < C||^£,B('^*''/)IUp(K",7(ff,B)) < C"!! ^/£,b(/) IUp(R",7(//,B)) < C"]! /|| lp(R" ,B) ■ 

Since 5'(K") (g)B is dense in L^'(M",B), we have proved that the operator can be extended 
to LP(M",B) as a bounded operator from LP(M",B) into itself. Then, according to [3^, Theorem 
3], B is UMD. 
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4. Proof of Theorem 11.11 for Laguerre operators 

In this section we prove the equivalence (a) (c?) in Theorem |1.1[ 
Suppose that B is a UMD Banach space. Let £ ^ 1,2 and 1 < p < oo. 
We are going to see that 

(24) lieL,B(/)IUp((o,oo),7(H,i)) <C|1/|Up((o,oo),i), /eiP((0,oo),B). 

In order to show (24 1 we take advantage from (a) (6) after connecting ^ and Gi/^a in 
a suitable way. 
Note firstly that 



(25) 



2xye 



, x,y,te (0,00), 



1 - e-2t 

where M^j (a^i y) denotes the heat kernel associated with the operator 'H/2 in dimension one, 
that is, for each x,y eM. and t > 0, 



Wr^^ix,y)-^ 

\7r(l — e "^^) 



1/2 



exp 



1 - e- 
1 + e- 



and ga is defined by 



9a{z) — \J2-Kze ^Ia{z), ze(0,cx)). 



To make the reading of the following lines easier, from now on we consider ^ = $,{x,y,t) 
Ij^e-^t , x,y,te (0,CX)). 

We have, for every x,y,t £ (0, 00), 



(26) dtWf''{x,y) = dtW!'^\x,y)go.{0-W!'^\x,y)(^^^g^{z)). 



^(l + e-2*) 



-2t 



and 



5,2t^^(x,2/) =d^w!'^'{x,y)gJO-^d,W:'/\x,y)[-g^iz)) 



?(l + e- 



-2n 



(27) 



-2t\2 



« i-e 
d 



-2t 



e(l + 6e 



-2t 



-4n 



=4 (l-e-2«)2 



U=C (l-e-2*)2 



By taking into account that -^(z "/^(z)) = z "Ia+i{z), z e (0,oo) ( |24. p. 110]), we get 



(28) 

and 
(29) 

dz 



'r9a{z) = -ga{z) + ^ ^ ga{z) +ga + l{z), Z € (0,Oo), 

dz Zz 



29a{z) 



1 



2a + 1 4^2-1 



4z2 



5a(^)+2 



a - 1 



1 ga+i[z) + .90+2(2), z e (0,00). 



(30) 



Since /^(z) ~ z", as z ^ 0+ ([24, p. 108]), we deduce from (|28| and (|29]) that, for fc = 0, 1, 2, 

. d'' 



dz'' 



gc{z) <C, ze(0,i). 



On the other hand, according to ^I^-, p. 123], for every m G N, 



(31) 

where [a, 0] ~ 1 and 



(-l)''[a,r] 

r=0 ^ ' 



, , (4a2_i)(4a2-32)...(4a2_(2r-l)2) 

a r = ^ — — r e N r > 1 

L"''^J 22'T(r + l) ' ^t^^' ^- ^- 
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Then, for fc = 1,2, 
(32) 



C 

z 



z"—r:Qa{z) < — , ze(0,oo). 



Indeed, by using property (|31|) in (|28|) and (|29| we get 

d 



dz 



9a{z) 



[a,l]-[a + l,l]+2a + l , 1 



2z 



and 



= 1 - + [a + 1, 1] - ^ ^ ^ 



dz2 



+ 



2 

[a, 2] 



(2a + 3)M-(a + l)[a + l,l]-I^ + I^^]^ ^ 



Then, (32 1 holds for fc = 1,2. 



From (26 1 and (27 1 by using ( |12| (note that estimate (12 1 also holds for ?^/2 instead of 
we obtain, for every x,y,t (0, oo). 



+ {l-l)t^wl"\x,y) 



(33) 



< C 



g-t/3g-c|2:-y|Vt 



1.9.(01 



1 - e 



-2t 



(l-e-2*)2 



1 - e-2* 



(l-e-2*)2 



(l-e-2*)2 
(^5.(^) 



} 



Now, ( 30 1 implies that 

(34) YdlW,^-{x,y) 

We also observe that 

'1 + e~* 



< C- 



-c\x^vYit 



x,y,t (0, oo) and ^ < 1. 



exp 



1 - e^* 



< exp 
Then we get 
(35) 
and 
(36) 



1-e-*' ' 1 + e-* 
1 + e-2* 



exp 



-2c 



1 + e- 



-2t 



1 - e 



.X, J/, i e (0, oo) and ^ < 1. 



t'diwr^'ix,y) 



< C- 



Vt 



t'dlW,^-{x,y) 



< C- 



-, x,y,t e (0,oo), ^ < 1, 



x,y,t G (0, oo) and ^ < 1. 



On the other hand, from (32 1 and (33) it follows that, 

-c\x~y\^/t 



(37) 



fd',W,^^ix,y) 



< C 



xye 



t3/2 



- , x^y,t G (0, oo) and > 1. 
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Moreover, by taking into account (|12|, (|25|, (|31| and (|32|), we obtain that 
t'dl\w[-{x,v)-Wl"\x,v) 



< 



1 - e-2t 



2=? 



(l-e-2t)2 



(l-e-2t)2 



< C- 



-t/3p-c|x-y|Vt 



Hence, we get 
(38) 



x,y,te (0,oo). 



< C 



g-t/3^-c\x-y\^/t 



< C- 



-c\x-y\^lt 



x,y,t (0, oo) and ^ > 1. 



Let now / e i^((0, oo), B). Let us denote by / the extension of / to M which satisfies f{x) = 0, 
a; < 0. By defining b(/) obvious way, we have that 



l|eL.B(/)(^, •) - e^AB(/)(^' ■)IL.((0,oo),f ;b) 

/ ||/(y)||B( t'a,V^(a;,2/) + t'diwl"\x,y) 



< 



(0,a:/2)u(22;,oo 
2x 

\\f{v)\\ 

x/2 



H 



dy 



Wf-{x,y)-W!'/\x,y) 



dy 



H 



(39) 



Ti(/)(a;) + r2(/)(x), a;e(0,oo). 



By using (12 1, (34l and (37) we obtain, when x e (0,oo) and y <E (0,x/2) U (22;, oo). 



t'd',Wf-ix,y) + t'dlwl"\x,y) 

H 



<c 1 



H 



xy 



oo -c\x-y\^/t 



1/2 



< c 



oo ^-c\x-y\-'/t 



1/2 



0<y<- 
x 2 



-dt 



t2 



dt 



y| 



<c 



y 



<2x <y 



because \x — y\ ^ x, when y G (0, x/2) and \x — y\ ^ y, when y £ (2a::, oo). 
Hence, 



(40) 



TiU){x) < C [HMW)){x) + -ffco(||/||B)(a;)] < x e (0,oo), 



where iJo and iJoo represents the classical Hardy operators given by 



HQ{g){x) = ^ / 5(2/)dy 



and 



Hoo{g){x) = 



5(y) 



dy, X G (0, oo). 



On the other hand, by taking into account (|35|, (|36| and (|38|), we can write 
t^5,nW^(x,2/)-W^r^^x,y)] < 



< C 



i2 



if 



-dt 



t'd'AW,^-ix,y)-Wr^\x,y)] 

1/2 



0, 5<i ^0, 5>i 

oo g-c|2;-iy|^/t 



1 

(^^ 



1/2 







^3/2 



dt 
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Hence, 

(41) T2if){x)<CAfi\\f\\M){x)<cx,, xe(0,oo), 

where 

2x 



^i9)ix)^ I - ( l + xe(0,oo) 



/2 2/ V \ \x~y 



From (|39|, (40 1 and (411 we conclude that, for every x S (0,oo), 



WGLfiim^' •) - ^«/2,b(/)(^, •)ll7(i/,B) < C [HoiWfhKx) + H^{\\f\\n){x)+mf\W){x)] < oo. 

It is well-known that the Hardy operators Hq and Hao are bounded from LP(0^oo) into itself 
(see [181 p. 244, (9.9.1) and (9.9.2)]). Moreover, Jensen's inequality allows us to show that the 
operator Af is also bounded from L^(0, oo) into itself. Hence, 

II^£„,b(/) ~ ^«/2,l(/)llLf((0,oo),7(H,B) < C*!] /|| lp((0,oo),B) ■ 

Since, as it was seen in Section |2] (6) holds provided that B is UMD, it follows that 

ll^£„,B(/)lkr'((0,oo),7(i/,B) < C"! I /I I ((0,oo) ,B) • 



Note that we can obtain results analogous to Propositions |2.1| and |2.2| for the operator 
instead of H. The remainder of the proof of (a) ^ (d) and the proof of (d) ^ (a) can be made 
by proceeding as in the proof of the corresponding properties in Section [2] 
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